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TWISTED INDEX THEORY ON ORBIFOLD SYMMETRIC PRODUCTS AND 
THE FRACTIONAL QUANTUM HALL EFFECT 

MATILDE MARCOLLI AND KYLE SEIPP 


Abstract. We extend the noncommutative geometry model of the fractional quantum Hall effect, 
previously developed by Mathai and the first author, to orbifold symmetric products. It retains 
the same properties of quantization of the Hall conductance at integer multiples of the fractional 
Satake orbifold Euler characteristics. We show that it also allows for interesting composite fermions 
and anyon representations, and possibly for Laughlin type wave functions. 

1. Introduction 

A satisfactory model of the integer quantum Hall effect within the framework of noncommutative 
geometry was developed in [9], [10] . In a 2-dimensional periodic lattice, the presence of an external 
magnetic field turns the classical Brillouin zone into a non-commutative torus, replacing the ordi¬ 
nary translational symmetries of the Hamiltonian by magnetic translations. These are symmetries 
of the magnetic Laplacian, and they only commute up to a phase factor, hence the appearance of 
the noncommutative torus as the new algebra of observables. The integer quantization of the Hall 
conductance can then be interpreted in terms of an index theorem on the noncommutative torus. 

In [09], [50], [51] a single particle model was developed for a charged particle moving in a 
magnetic field within a curved geometry described by a good 2-dinrensional orbifold, with the 
curved geometry simulating an averaged effect of the interaction with other particles. This model 
exhibits quantization of the Hall conductance at fractional values given by integer multiples of the 
Satake orbifold Euler characteristic. The results of [49], [501, m are based on a generalization to 
the (fractional) orbifold case of a previous treatment, in [14] . of the integer quantum Hall effect in 
the hyperbolic geometry of a smooth Riemann surfaces of genus g > 2. 

The main drawback of this noncommutative-geometric approach to the fractional quantum Hall 
effect lies in the fact that it is still based on a single particle model. While the integer quantum 
Hall effect is well described by an independent electron approximation, which reduces it to a single 
particle model, the fractional quantum Hall effect is intrinsically a many particle phenomenon: 
while the single particle model used in [49], [50], [54J produces a fractional quantization of the Hall 
conductance as a Kawasaki orbifold index-theorem on the relevant noncommutative space, it does 
not account for Laughlin type wave functions, nor for composite fermion (or anyon) representations. 

In this paper we propose a way to extend the noncommutative geometry model of [49] . [50], m, 
so that it makes contact with field theories on orbifolds, of the kind considered in relation to String 
Theory, see e.g. in, m, m, [69] . We consider systems of n indistinguishable particles moving 
in the same type of homogeneous negatively curved geometry, under the effect of an external 
magnetic field, so that a classical configuration of the system is described by a point in the n- 
fold symmetric products of a good 2-dimensional orbifold. As in the case of field theories on 
orbifolds, the relevant Fock space is given by the sum of the orbifold K-theories (or the delocalized 
equivariant cohomology) of the twisted group C'*-algebras of the wreath products r n = T n x S n , 
with r the orbifold fundamental group of the good 2-dimensional orbifold. The quantization of the 
Hall conductance is still obtained via a twisted higher index theorem as in [50] and is expressible 
in terms of the Satake orbifold Euler characteristics of the orbifold symmetric products. At the 
same time, the model now allows for interesting composite fermion and anyon representations, 
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whose classification depends on Seifert invariants of orbifold line bundles. We also formulate some 
hypothesis, still speculative at this stage, on how to obtain Laughlin type wave functions from the 
geometry of the model. 

The paper is structured as follows: in the rest of this introductory section we discuss the ge¬ 
ometry of 2-dimensional good orbifolds £ and their symmetric products Sym n (£). In Section [2j 
we introduce the relevant groups that we will be considering, related to various kinds of orbifold 
covers. In particular, we extend to orbifold fundamental groups a result for smooth Riemann sur¬ 
faces, which identifies the (orbifold) fundamental group of the symmetric products Sym n (£) with 
the abelianization of the (orbifold) fundamental group of £. In Section [31 we focus on K-theoretic 
aspects. We compute the orbifold A'-theory of Sym n (£), in terms of classifying spaces for proper 
actions and we relate it to the A'-theory of the group C*-algebras C*{T n ) via the Baum-Connes 
conjecture, which we show is satisfied by the wreath products T n . We also discuss a possible notion 
of orbifold-Jacobian and its K-theoretic properties. In Section 01 we show that the magnetic field 
determines a compatible family of U(l)-multipliers a n on T n . We obtain in this way twisted group 
C*-algebras C*(T n ,a n ) generalizing the algebra C*(T,a) considered in 09], [50], [51]. Using the 
Lyndon-Hochschild-Serre spectral sequence for the group cohomology of the wreath products, we 
show that the multipliers cr n define cocycles with trivial Dixmiar-Douady class. We then show that 
the A'-theory of the twisted group C*-algebra C*(T n , a n ) agrees with the A'-theory of the untwisted 
C*(T n ). To this purpose, we prove the K-amenability of the wreath products SL(2,R) n xi S n , by 
adapting the argument of m for the K-amenability of SL(2,M). Section 0] contains expository 
material, where we recall and compare the different notions of orbifold Euler characteristic used in 
the Kawasaki index theorem and in string theory on orbifolds. The former, which we refer to as 
the Satake orbifold Euler characteristic is in general a rational number, while the latter, which we 
call the string-theoretic orbifold Euler characteristic is an integer. We recall how the latter relates 
to sectors and to inertia orbifolds, and how it generalizes to orbifold Chern classes. We also recall 
the Segal construction of the Fock space for orbifold symmetric products, based on equivariant 
K-theory, as in m , m In Section [6] we compute the twisted higher index theorem of [50] for the 
orbifold symmetric products Sym n (£). Using the same relation between Hall conductance cocycle 
and area cocycle as in m, [50] , we show that the Hall conductance is quantized at fractional values 
equal to integer multiples of the Satake orbifold Euler characteristic x orfe (Sym n (£)). In Section [7] 
we classify composite fermions and anyons on the symmetric products Sym n (£). We introduce a 
notion of orbifold braid group, which is the orbifold fundamental group of the configuration spaces 
Conf(£,n), where the orbifold singularities are coming from the orbifold cone points of £. We 
show that, similarly to what happens in the case of Riemann surfaces and ordinary braid groups, 
if the orbifold £ has genus g > 0, then the scalar unitary representations can only be fermions or 
bosons, with no non-trivial anyons. When the genus is g = 0, there are anyon representations and 
we show that they are classified by the Seifert invariants of an orbifold line bundle with integer 
orbifold Euler number. We also show that, for arbitrary genus, there are anyon representations of 
higher dimensions N, which again depend on Seifert invariants, for an orbifold line bundle whose 
orbifold Euler number is in Z + (g + n — l)/iV, and with fractional statistics iri/N. Finally Section[8] 
contains some more speculative considerations on how to find Laughlin type wave functions in this 
geometric setting, in terms of the Mathai-Quillen formalism for Euler classes of vector bundles, and 
local systems determined by a given V-dimensional anyon representation. The relation between 
N and imposed by the classification of anyon representations implies that one finds powers 
of the Vandermonde determinant with exponents equal to the denominators that appear in the 
quantization of the Hall conductance, as expected in Laughlin wave functions. We also suggest the 
possibility that Laughlin type functions may appear in computations via Selberg integrals of the 
orbifold Euler characteristic of a moduli space of good 2-dinrensional orbifolds, analogous to the 
known calculations for moduli spaces of curves with marked points. 
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In the rest of this introductory section we review some known material that we need in the 
following. 

1.1. Hyperbolic 2-dimensional good orbifolds. Let H denote the 2-dimensional hyperbolic 
plane. We will use either the upper half plane model M. = {z = x -\- iy £ C\ 3?(z) > 0} with the 
metric ds 2 = ( dx 2 + dy 2 )/y 2 or the equivalent Poincare disc model H = {z £ C | \z\ < 1}, with the 
metric ds 2 = 4 (dx 2 + dy 2 )/( 1 — \z\ 2 ) 2 . 

On H we consider the isometric action of a discrete cocompact subgroup T C PSL(2,K), given 
by a Fuchsian group of signature (g,v) with u = (z>r,..., u m ). These groups have an explicit 
presentation with generators a,, bi with i = 1,..., g and cj with j = 1,..., m, of the form 

9 

(1.1) T = r (g,u) = ( a,i,bi,Cj | JJ[ai,6j]ci ■ ■ ■ c m = 1, = 1). 

2—1 

The quotient X = X(g,u) = H/T is a 2-dimensional hyperbolic good orbifold. It is a Riemann 
surface of genus g with m cone points {x \where the point xj has stabilizer of order 
Vj. Any such orbifold has a finite branched covering by a smooth Riemann surface X f y, with 
X(g, u) = S g'/G for a finite group G. The genus g' is related to g by the Riemann-Hurwitz formula 
for branched coverings: 

(1.2) g’= l + ^-{2(g-l) + (m-^vj 1 )). 

j 

The Riemann surface X ff / = H/T' has a hyperbolic uniformization by R C PSL(2,M), which is 
related to T(g,u) by an exact sequence 

(1.3) i r g , —r( 5 , u) —> g —> i. 

The Fuchsian group T = T (g,v) is the orbifold fundamental group of the 2-dimensional orbifold 
S = ^{g,y)i see 1 62] . 


1.2. Symmetric products. Let Sym n (Ai) = X n /S n , with S n the group of permutations of a set 
of n elements. It is well known that, for a smooth compact Riemann surface X of genus g , the 
symmetric products Sym"(X) are smooth and are related to the Jacobian of X in the following way. 
Let 6 1 (X) be the space of holomorphic 1-forms with a basis {wi,..., ojg}. The group Vy, of periods 
of X is the subgroup Vy C C 9 given by the v = (v\,... ,v g ) £ C 9 obtained as integrals V{ = J), cc, 
for some 7 £ 7Ti(X). For a base point xq £ X, and a path 7' from xq to x £ X, the integral f , Ui 
then defines the Abel-Jacobi map 


(1.4) 


•A:X-> J(X)=C 9 /R e , 


A : x !->• 




where the Jacobian J(X) is a torus T 29 , which can also be identified with iL 1 (X,R)/iL 1 (X,Z). The 
Abel-Jacobi map extends to a map 


(1.5) A : Sym n (X) ->• J(X), A : [x \,..., x n ] i-a A(x\) H- \-A{x n ). 

When n > 2g — 2, the symmetric products fiber over the Jacobian with fibers that are projective 
spaces of dimension n — g, 

(1.6) P n -3(C) -A SynR(X) -» J(X). 


Moreover, it was shown in Remark 5.8 of [35] (see also m for a generalization) that the fun¬ 
damental group of the symmetric products of a smooth compact Riemann surface satisfies, for all 
n > 2, 

(1.7) 


7 r 1 (Sym n (X)) = 7r^X ) 06 = = 1 n(J(X)). 
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In the following section we will consider the symmetric products Sym n (E) of a 2-dimensional 
hyperbolic orbifold E = E(g, v_) and we compute the orbifold fundamental group. 

2. Symmetric products, orbifold fundamental group, and orbifold coverings 

In this section we discuss various orbifold coverings of the symmetric products Sym n (E) and 
their associated groups of symmetries. 

Lemma 2.1. Let E be a good 2-dimensional orbifold, with singular locus E s ; ng given by a finite set 
of cone points, and with orbifold fundamental group 7r° rfc (E). Then 

(2.1) < r6 (S n ) =* < r6 (S) n . 

Proof. Let O be a good orbifold, with singular locus of (real) codimension two, codimO s ing = 2. 
Then the orbifold fundamental group n° rb (0) of an orbifold O can be described ([68], §13) as the 
quotient 

(2.2) 7T° 1 r \0)=7T 1 (0 veg )/H, 

of the fundamental group vr 1 (O reg ) of the regular part O ieg = O \ 0 s i ng of the orbifold (the 
complement of the singular locus) by the normal subgroup H generated by the classes t- j in 
7 Ti(C> r eg), where 7 j are loops around a component Oj of with 17 the order of the stabilizer 
Gj of Oj. In particular, for a 2-dimensional good orbifold E we have E s ; ng = {xj}j =the 
cone points with stabilizers Z/p^Z. In the product E n we have (Edging = U^' = 1 E sing ( A .), where 
Esing,(fc) means a copy of E s i ng in the fc-th factor and the full space E in all the other factors 
E singi (fc) = E x • ■ ■ x E s i ng x • • • x E. Thus, the set of regular points (E n ) reg = E n \ E™ ing is given 
by (E n ) reg = (E reg ) n , and we can unambiguously use the notation E™ eg for this locus. We have 
717 (E(g g ) = 7Ti(E reg ) n . The normal subgroup H of 7ri(E” eg ) is generated by loops 7^7 in E n that 
circle around the components E x • • • x {xj} x • • • x E of E s ; ng) fc. It suffices then to observe that for 
k k' and for all j,j', the elements 7 ^ and "ij'.k/ commute in 7 Ti(E( l og ), so that the group H is a 
direct product H = ni—i with each Hk isomorphic to the normal subgroup of the fc-th factor 
717 (E reg ), with 7Ti(E reg )/Hk = 7r° rfe (E). Thus, we obtain 

<7£”) = *1 (KxVH = ^Tl(Sreg) n /II Hk = 

k 

□ 


Let T be a discrete group. Let T n x S n be the semidirect product with multiplication 

(f/l: • • • 5 9ni ) (hi, . . . , h n , T ) (l/i hfj^ , . . . , Qnhg-^n '), <T7~), 

and let ( S n ) C T n x S n be the normal subgroup generated by the elements of S n . 

The following argument is implicit in Remark 5.8 of |35]. We reformulate it here in purely 
topological terms. 

Lemma 2.2. Let E be a good 2-dimensional orbifold, with singular locus E s i ng given by a finite set 
of cone points. Then the orbifold fundamental groups of the symmetric products Sym n (E) satisfy 

(2.3) Trf^Sym^S)) - 7rf fe (S)" x S n /(S n ). 

Proof. As in (I2.2ji in the previous Lemma, we have 7r° r ’ f) (E) = 7Ti(E re g)/IT The ordinary fundamen¬ 
tal group 717 (E reg ) classihes (ordinary) covering spaces of E reg , in the sense that, to each normal 
subgroup N of 7Ti(E reg ) there corresponds a regular covering space Eat of E reg . Such a covering space 
is a principal 7ri(E reg )/IV-fibration over E reg . In particular, the quotient 7r° r6 (E) = 7Ti(E re g)/-ff sim¬ 
ilarly classihes all such coverings of S re g that extend to a branched covering of E with a trivial 
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action of the stabilizers of the singular points on the corresponding fibers. Such coverings cor¬ 
respond to normal subgroups N of 7 Ti(E reg ) that contain the normal subgroup H generated by 
loops 7 j around the components of E s i ng with the appropriate multiplicities 17 as above. Next 
observe that a regular covering E^ of E reg can also be described as an S^-equivariant covering Ea j 
of E” eg \ A, the complement of the diagonals in (Ereg)" - = (E n ) reg . This means that there is an 
action of S n on E^v, which is compatible with the action on E™ eg y A, so that the projection map 
of the covering is «S' n -equivariant. These are classified by the crossed product 7 Ti(E” g y A) x S n of 
the action of S n on the fundamental group 7 ri(E” eg y A). Among all such coverings, we consider 
those that extend to an S^-equi variant branched covering of E n , with a trivial action of the stabi¬ 
lizers of the components of E s i ng and of the diagonals. These are then classified by a quotient of 
7 Ti(E” g y A) x S n where we mod out by the normal subgroup generated by the loops around the 
components of E s ; ng and the elements of S n , that is, by the group 7 T° rb (E n ) x S n /(S n ). Finally, 
observe that the data of an S^-equivariant branched covering of E n as above uniquely determine 
a branched covering over the symmetric product Sym n (E) and vice versa, so that we can identify 
7 r° r 6 (S n ) x S n /(S n ) = vr° r 6 (Sym n (E)). □ 

The following observation is also implicit in Remark 5.8 of [35]. We spell it out for convenience. 

Lemma 2.3. Let F n x S n be as above, with (S n ) C F n x S n the normal subgroup generated by the 
elements of S n . There is a group isomorphism 

(2.4) T n x S n /(S n ) = T ab , 
where T ab = T/[T,r] is the abelianization. 

Proof. Let gu\ denote the element = (1,..., 1, g, 1,... , 1) of T n that has the i-tli coordinate 
equal to g £ T and all the other coordinates equal to the identity element 1. Since T n is a direct 
product of copies of T, the different factors T commute with each other, hence for all g, h G T, we 
have gu)h(j) = h^g^ whenever i ^ j, with the product equal to the element of T n with g in the 
i -th place, h in the j-th place and 1 everywhere else. Moreover, observe that, for any g £ T and 
for i / j, the element ( g (*), 1 ) in T" x S n is equal to (l,cr1)(1 where Oij € S n is the 
permutation that exchanges i and j and fixes all other elements of {1,..., n}. For any 7 G r n x S n , 
and for all cr € S n , we have (1, a)~ 1 7 (l, <r) 7 _1 £ ( S n ), hence 7 and ( 1 , cr) _ 1 7 (l, a) define the same 
class in the quotient r n x S n /(S n ). In particular, g^ and g^j) define the same element in the 
quotient, for all g € T and for all i 7 ^ j. Thus, we obtain that in the quotient the n-copies of T in 
the product r n are identified and commutators are killed, hence the quotient gets identified with 

r afe . □ 

Combining the results of Lemmata 12.1112.21 and 12.31 we obtain the analog of (11.71) for orbifold 
fundamental groups. 

Proposition 2.4. For n > 2, the symmetric products Sym n, (E) of a good 2-dimensional orbifold E 
have orbifold fundamental group given by 

(2.5) < r 6 (Sym n (S)) ^ < rb (E) a6 . 

In the case of a 2-dimensional hyperbolic orbifold E = E( 5 ,u) one obtains the following. 

Corollary 2.5. For E = E (g,v) and n > 2, we have 7 r° rf '(Sym n (E(( 5 r, u))) = I? 9 where 

7L V = ®^ = {LlvjL. 

Proof. The abelianization of a group T = T(g 1 if) of the form (11.11) is given by T? 9 ®j T./uj'L. □ 
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Remark 2.6. The abelianization of the fundamental group is the first homology group, 7Ti(E) afc = 
R 1 (E,Z). In the case of the orbifold fundamental group, there is a similar homological interpreta¬ 
tion of its abelianization, in terms of the f-singular homology defined in [65], TT° rb (Y) ab = tH 1 (Y, Z), 
where the f-singular homology tH* is constructed using singular simplexes that intersect trans¬ 
versely the singular locus of E, see [65] for details. 

2.1. Geometry of some orbifold covering spaces. We consider some covering spaces of the 
orbifold symmetric products that will be useful in the rest of the paper. 

Proposition 2.7. For n> 2, let Sym n (E) be the symmetric product of the 2-dimensional orbifold 
E = E (g,v). Let (S n ) be the normalizer of S n in T n x S n and let S n = ( S n )/S n . Let § n (EI) := 
EI n / {S n ). Let E g t = H /T g > with T g t as in (|1.3I) with finite quotient G = T/T g r. Let G n := G n x S n . 

(1) Sym n (E) is orbifold covered by EI n , with Sym n (E) = EI n /r n x S n . 

(2) Sym n (E) is orbifold covered by § n (H), with Sym n (E) = § n (EI)/7r° r6 (Sym n (E)). 

(3) § n (EI) is orbifold covered by D 2n = Sym n (H), with § n (EI) = D 2n /§ n . 

(4) Sym n (E) is orbifold covered by the smooth manifold E”,, with Sym n (E) = E ™,/G n . 

Proof. The orbifold E = E (g,v) has a finite branched cover by a smooth surface E g /, of genus 
(USD, so that E = E g>/G, with the finite group G as in (II.3p . Moreover, E also has universal 
orbifold cover H, with E = H/T, for T = T(g,if). The isometric action of T on El induces an 
isometric action of T n x S n on the n-fold product EP, with quotient EP/T n x S n = SynP(E). 
Consider the normal subgroup (S n ) C T n x S n . We can equivalently describe the quotient above 
as (H n /(S’ n ))/(T n x S n /(S n )) = Sym n (E). The group S n is normal inside (S n ) with quotient 
S n , and we can further write the quotient H n /(5 n ) = (H n /5 n )/S n = Sym n (H)/S n . We identify 
the hyperbolic plane H with its Poincare disc model El = D 2 (the open unit disc in M 2 with the 
hyperbolic metric). By Lemma 5 of [42], there is a homeomorphism of pairs 

(D 2n ,dD 2n = S 2n-1 ) “ (Sym n (D 2 ),Sym n ((D2) \ Sym n (D 2 )), 

where D 2n is an open 2n-dimensional disc. Thus, we can identify Sym n (EI) = D 2n , with the 
metric induced by the hyperbolic metric on El, so that Sym n (EI)/§ n = D 2n /S n . Finally, consider 
the sequence of groups (11.31) . The normal embedding T g > ^ T determines a normal embedding 
T”, 4 T” » The quotient group can be identified with G n x S n , where G = T/T g i. We then 
rewrite the quotient W 1 /T n xS„ = Sym n (E) as (H ri /r”,)/(r n x S n /T ",) = E ™,/G ni with the finite 
group G n = G n x S n . □ 


3. Group algebras and LC-theory 

We now compute the orbifold K-theory groups of the symmetric products Sym n (E) and we 
discuss their relation to the K-theory of group C*-algebras. 

3.1. Orbifold K-theory. Let X be a good orbifold that is orbifold covered by a smooth manifold 
Y with X = Y/G. Then the orbifold K-theory of X is given by 

(3.1) K- orb {X) = K.(C 0 (Y) x G) = K* G (Y), 

the G-equivariant K-theory of Y. 

We know from [26], |39j that, for a good 2-dimensional orbifold E = E(<?,^), with m cone points 
Xj with stabilizers of order nj, the orbifold K-theory is given by 

13 21 K* (Y\ - S * = ° 

K orb\^> ~ 1 g • = 1 ’ 

where v = u j- 
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For the symmetric products Sym n (E), using the covering (4) of Proposition 12.71 we obtain 

(3.3) A 0 * rb (Sym"(E)) = E.((C(E g/ ) x G)®" x S n ) = K^ xSn (^), 

where K m (C(E g i) x G)) = K* rb (Y,). Using the orbifold cover (1) of Proposition 12.71 we see that it 
can also be described as 

(3.4) Kl b { Sym"(E)) = K^ Sn (W n ). 

These descriptions of the orbifold A-theory of the symmetric products fall into a general frame¬ 
work for studying equivariant A-theory with respect to the action on powers X n of the wreath 
products 

(3.5) G ~ S n := G n x S n , 

for a finite group G acting on a smooth manifold X. Several important properties of the equivariant 
A"-theory groups Kq u> lSn (X n ) where studied in [71]. We recall some of the main results of m and 
we apply them to our case, described as in (|3.3I) . 

3.2. Classifying space for proper action and assembly map. It is known from [6] that, to a 
locally compact group G one can associate a universal space for proper actions EG, and a classifying 
space for proper actions given by the quotient AG = AG/G, so that there is a Kasparov assembly 
map from the equivariant A-homology groups with G-compact support A. (EG) to the A-theory 
of the reduced group G*-algebra 

(3.6) p : Kf(EG) Kj(C*(G)), 

which assigns to an abstract G-equivariant elliptic operator its index. The group G satisfies the 
Baum-Connes conjecture if the map (13. 6 p is an isomorphism. 

The Baum-Connes conjecture (in fact the stronger form with coefficients) is implied by the 
Haagerup property, [53]. All finite groups satisfy the Haagerup property, and Fuchsian groups are 
also in the list of groups that are known to satisfy it, see ee], m- However, while it is known from 
m that the class of groups satisfying the Haagerup property is closed under wreath products, this 
only refers to “standard” wreath products G A := G< H > x H where G^ = © he/r G. A more 
general class of wreath products, which includes the case G n x S n that we are interested in, is given 
by the “permutation wreath products” G H = G^ x H , where X is an H -set and the action 
of H on G^U = ® x ^xG is by permuting indices x G X with the A action. As shown in [18], the 
Haagerup property is a lot more delicate for the case of the permutation wreath products. 

However, for two groups G and H that both satisfy the Haagerup property, even if the more 
general permutation wreath products G 

X H = GW x A do not necessarily satisfy the Haagerup 
property, they all do satisfy the Baum-Connes conjecture. This follows from the general result of 
Oyono-Oyono on Baum-Connes for certain group extensions, [58]. Thus, we have the following 
property. 

Lemma 3.1. The groups T n x S n , with T = T(g, v) a Fuchsian group, satisfy the Baum-Connes 
conjecture, hence the assembly map 

(3.7) p, : A* rb (Sym n (£)) = K^ Sn (M n ) A.(C r *(r" x S n )) 
is an isomorphism. 

Proof. The general result of [58] implies that the wreath products r n x S n satisfy the Baum-Connes 
conjecture. The result then follows by identifying EI n = E_(T n x S n ) and Sym n (E) = A(T n x S n ), 
with models for the universal and classifying space for proper actions, respectively. To see this, we 
can use the fact that if for a group G a G-space Y is a model of the universal space for proper actions 
EG, and G' C G is a subgroup, then Y is also a model of EG' (Corollary 1.9 of [6]) and that if G is 
a Lie group and A is the maximal compact subgroup, then a model of AG is given by the quotient 
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G/K. A Lie group is virtually connected if it has only finitely many connected components. For 
any virtually connected Lie group the quotient G/K is diffeomorphic to a Euclidean space. We 
apply the above to the group PSL(2,R) n x S n . □ 

3.3. Orbifold A- theory and Lie group quotient. Consider as above the virtually connected Lie 
group PSL(2, R) n x S n and let /C n denote its maximal compact subgroup, with quotient PSL(2, R) n x 
S n / fc-n — The orbifold symmetric product is obtained as the double quotient 

Sym n (E) = r n \PSL(2, R) n x S n /JC n , 

where T n = r n x S n . Let 

(3.8) V n :=r n \PSL(2,R)” x S n , 

(3.9) V n :=r"APSL(2,M) n x S n . 

Then we have the following. 

Lemma 3.2. Let V n , V n , and JC n be as above and let G n = G n x S n , with G = T /T g <. The algebras 
C'o('Pn) x JC n and Co(V n /K , n ) x G n = CfYL/,) x G n are strongly Morita equivalent. 

Proof. By (13.8|) and (13.91) . and the fact that F”, C r n x S n is a normal subgroup with quotient 
G n = G n x S n , we obtain 

Vn = G n \P n , and i> n /1C n = r£,\H n = E”,. 

The Morita equivalence then follows as in Proposition 1.2 of |35j, by applying [34] , □ 

The orbifold C*-algebra is defined in [26] as 

Sym n (E)) = C{F n ) x SO(2n), 

where T n is the frame bundle of the orbifold tangent bundle of Sym n (E). By the same argument 
of (26] it is shown to be strongly Morita equivalent to 

C*(Sym n (E)) ~ C(T,g,) x G n . 

Thus, combining [26] with Proposition 12.71 we obtain the following. 

Corollary 3.3. The algebras C*( Sym n (E)), C( E”) x G n , C 0 (H n ) x r n , C 0 (§ n (e)) x T ab , and 
C'o('Pn) ^ V-n are all strongly Morita equivalent. 

3.4. A notion of orbifold-Jacobian. Given a good 2-dinrensional orbifold E = E (g,n), we define 
the orbifold-Jacobian of E to be the product 

m 

(3.10) r 6 (S):=J(S)xJ]^ 

3 =1 

where J(E) = H 1 ( E, M)/L7 1 (E, Z) = T 2fl , a real torus of rank 2 g, and /a Uj denotes the group of 
roots of unity of order vj. The group structure on J orb (E) is the direct product T 2£/ x n)'Ej n Vj . 

For each cone point Xj. j = l,...,mon the orbifold E, let Cj be the boundary of a small disc in 
E centered at Xj. Let Xjj. for k = 1,..., Vj be points on Cj. For such a collection of base points, 
we define an orbifold-Abel-Jacobi map A orb = {Aj t k} with 

rx 

•Aj ; k ■ E —> T 2g x {Cy,fc} i : w •—> / ui 

J Xj } k 

where are tl ie roots of unity in .. This extends to an orbifold-Abel-Jacobi map A orb : 
Sym n (E) -A J orb ( S) by A orb [x i,..., x n ) = A orb {x i) + • • • + A orb (x n ). 
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3.5. A'-theory and the orbifold-Jacobian. The reduced group C*-algebra C*(G ) of a discrete 
group G is the norm closure in the algebra of bounded operators on £ 2 (G) of the group ring C [G], 
acting via the left regular representation L g £(g') = f{g~ l g')- 

Lemma 3.4. The reduced group C* -algebra C'*(7r° rb (Sym n (S))) has K-theory isomorphic to the 
topological K-theory of the orbifold-Jacobian J orb (E). 

Proof. The group 7r° rb (Sym n (S)) = ir° rb (T,) ab is abelian. Thus, the A-theory of the reduced group 
G*-algebra can be identified with the topological A'-theory of the dual group, under Pontrjagin 
duality, 

(3.11) A,(G;«(S) ab )) ~ K j (C{irf b (E) ab )). 

We have 7r° rb (Y,) ab = Z 29 © ® ■ Z/i/jZ. The Pontrjagin dual of a direct sum of abelian groups 
is the direct product of the Pontrjagin duals. The dual of Z 29 is a 2g-dimensional real torus 
T 2g = S 1 x • • • x S 1 , while for each finite group TLjvjTL the Pontrjagin dual is the subgroup g Uj C S 1 
of Vj -th roots of unity, which can be identified again with Z/zvjZ. Thus, we obtain a direct product 

7rf^S)“ 6 = T 2 s x JJ^.. 


3.6. A homotopy theoretic version. Consider a smooth surface T, g / = H/T^ uniformized by 
the hyperbolic plane EL The surface Ey is a model of the classifying space for proper actions 
Yi g ! = BT g i . with H = EF g > a model for a universal space for proper actions, [6]. 

It is known (see Theorem 1.1 of m) that a group homomorphism a : Ti —> T 2 induces a 
commutative diagram 

(3.12) K^(ETi) —^ A.(G*(Ti)) 

a* a* 

K^(ET 2 ) K.{C*(T 2 )). 


The analogous statement for reduced algebras G*(4) holds in general only for monomorphisms 
(Corollary 1.2 of [70]), but since the geometric left-hand-side is always functorial, under the hypothe¬ 
sis that the Baum-Connes conjecture holds, then the right-hand-side would also be functorial for the 
reduced case, as observed in [70]. We focus on the case where Ti = F g i and T 2 = r“? = A 1 (S g /, Z), 
with a : r“, b the quotient map. In this case, we know that the groups involved satisfy the 

Baum-Connes conjecture, and we can think of the left-hand-side of the diagram ()3.12l) as a kind 
of “homotopy-theoretic Abel-Jacobi map” from the A'-homology of the curve T, g > to that if its 
Jacobian, 


(3.13) K^ 9 ' (H) ~ AT.(IV) —-- A.(G*( F g .)) 

a* a* 

AV'V 29 ') - A.(J(S g /)) ► AT.(C*(Z 29 ')). 

In a similar way, we obtain maps 

(3.14) A. r (H) ~ K° rb {E) 4 K,(C*{F)) AT.(G*( F ab )) = A*(J or6 (S)) 
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and similar maps for the symmetric products 

( 3 . 15 ) ~ K° rb (Sym n (S)) 4 K.(C*( F n x S n )) -A K.(C*(F ab )) = K\ J orb (£)), 

where the last map is induced by the quotient map T n x S n —> T n x S n /(S n ) ~ r“\ 

4 . The magnetic field and twisted group algebras 

4 . 1 . Twisted group ring and twisted group C'*-algebra. Recall that, for a discrete group T, 
a multiplier on T is defined as a map a : T x T —> U{ 1 ) satisfying the properties: 

(!) < 7 ( 7 , 1 ) = cr(l, T) = !, for all 7 G T, 

(2) <7(71,7 2 )<t(7i 7 2 ,73) = <7(71,7273)7(72,73), for all 71,72,73 G T. 

The reduced twisted group C*-algebra C*(F,cr) is the norm closure in the algebra of bounded 
operators on 1 2 (r ) of the twisted group ring C[r,<r], generated by the left translations L° with 
relations L^Ly = <7(7, y')L"y, represented on ^(F) by the left regular representation 

( 4 . 1 ) 7') = 7(7, 7 _1 70 Cfr'V)- 

4 . 2 . Cocycles from the magnetic field. In the system we are considering, we have n indis¬ 
tinguishable particles moving in a negatively curved geometry HI, subject to a potential, which is 
generated by charges disposed along the vertices of an embedding (Cayley graph) of a Fuchsian 
group r in H, and to an external magnetic field. 

Usually, in the “independent electron approximation” in the theory of solids, one replaces the 
(unbounded) interaction potential of the many-particle problem with a Hamiltonian with an effec¬ 
tive potential of the form H = + U(xj), with a (bounded) effective potential V(x) of 

a single-particle problem that encodes an average of the interactions of one of the charge carriers 
with the others, as well as with the atoms of the periodic medium. Here we consider a more general 
situation, where the independent electron approximation is perturbed by a (bounded) periodic in¬ 
teraction potential. This means that we consider a Hamiltonian as above with the V{xj) replaced 
by a smooth bounded function W (ay, ..., x n ) on H n , which is invariant under the symmetry group 

r n x S n . 

As in [ 14 | , | 49 | , [ 5 U|, [5T] the magnetic field is described by a closed 2-form u = dr] on H. The 
form is invariant under the action of F on H, so that u — y*u = 0 for all 7 G T. However, the 
potential 7 is not T-invariant. The fact that d(rj — 7*7) = 0 for all 7 G T implies the existence of a 
(real valued) 0 -form on HI satisfying 7*77 — 77 = d</> 7 , for all 7 G T. The function 

( 4 . 2 ) 4 = f 1 *y~r) 
satisfies the property that 

( 4 . 3 ) <j) 7 (x) + 4 '( 7 *) - <Vy( x ) = M 7 *o) 
is independent of x G HI. Setting 

( 4 . 4 ) <7(7,7') = exp (—(7x0)), 

for a chosen base point xq G H, determines a multiplier of T, as in H 4 .ll The magnetic Laplacian 
A ,? = (d — irj)*(d — irj) is invariant under the magnetic translations Ty = e~ l ^Ty and the algebra 
of magnetic translations satisfies 

( 4 - 5 ) TfT 7 t=a(7, 7 ')^ y , 

with (7(7,7') as i n 114 . 41 ) . This follows from (| 4 . 31 ) . 
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Consider now the product HP and the 2-form vj = where ojj is the pullback uij = tt*ui 

of the magnetic held 2-form described above, under the projection of HI” onto the j-th factor. In 
particular uij only depends on the j-coordinate of HP. 

Lemma 4.1. The 2-form zu on HP is invariant under the action ofT n = T n x S n . The potential, 
given by the 1-form £ = JjP rjj is invariant under S n , hence it descends to a 1-form on Sym n (Hf) = 
M n /S n . The form £, moreover, satisfies g*( — £ = d'lfig, for g = ( 7 , a) G T n x S n , with 

n 

(4.6) ip g (x) = 

3 =1 

with c/) lj as in (14.21) with a base point X( 0 ) = (xo,j)- This function fi g ■ HP — > R satisfies 

( 4 . 7 ) ij}g(x) + ipg>{gx) - ipg'gix) = lfg>(gX( 0 )), 
independent of x = (xj) G HP. This determines a multiplier a n : T n x T n —x 17(1), 

(4.8) Vn(g,g') = exp(-i(j} g/ (g x^Q))). 

For g G T n , the magnetic translations Tg on lHI n satisfy 

(4-9) T$Tf = a n (g,g')T$ g . 

Proof. The identity (14.31) implies that for all j = 1...., n and all 7 j G T, and all a, a' G S n we have 
^V(j) { x <r'a(j)) + (7<r'(j) a V'hi)) _ = (Ta'(j) x 0,<r'a{j ))j 

so that by summing over j we obtain (14.71) . The composition of two magnetic translations then 
gives 

e -iV’s(z) e -#g'(9z)j(g / g a ,) =e i(.il>g(x)+il>g>(9x)-il> g , g (x))j,y f(x), 

so we obtain (14.91) with the multiplier (14.81) . □ 

4.3. 17-theory of the twisted group algebra. The multiplier cr„ : T„ x T„ A 17(1) described 
above determines a twisting C* (T„, a n ) of the group TP-algebra. The twisted group algebra provides 
the algebra of observables for the n-particle system, in the presence of the external magnetic held. 

In (49] it was shown that the 17-theory of the twisted group algebra C*(T, a) is isomorphic to the 
17-theory of the untwisted algebra, whenever the multiplier <j : T x T —X t/(l) has trivial Dixmier- 
Douady class 5(a) = 0. In the case of the algebras Cf(T n , a n ), we have a similar results, as we will 
now discuss. 

Proposition 4.2. Let a : T x T —x 17(1) be a multiplier, with trivial Dixmier-Douady class, 
<5[cr] =0. Then it determines a multiplier a n : T n x T n — x 17(1), which also has trivial Dixmier- 
Douady invariants, 5[a n ] = 0. 

Proof. Recall that the exponential sequence 

iaz4«4i/(i)ai, 

with e(t) = exp(27r it), determines a long exact cohomology sequence 

-x h 2 (t,z) n 2 (r,M) n 2 (r, u (i)) h 3 (t,z) h 3 (t,r) -x ••• 

where 5 : H 2 (T,17(1)) —x H 3 (T,Z) is the Dixmier-Douady map. The Fuchsian group T = T(g,v) 
has cohomology (see m) 

f R j = 0, 2 
H j (T,R) = { R 2 ^ j = 1 


(4.10) 


0 j > 3 
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A multiplier a : F x F —> U(l) determines a cocycle cr G Z 2 (r,U( 1)), with cohomology class 
[cr] G H 2 (r, U(l)). If the Dixmier-Douady class <5[cr] = 0 in H 3 (T,Z), then the class [cr] is in the 
range of the map e* : H 2 (F, R) —» H 2 (F, U (1)), that is, there exists a cocycle £ G Z 2 (F, R) such that 
[cr] = [e(£)]. Using the branched covering of the 2-dimensional orbifold S by a smooth Riemann 
surface £ g / with £ = T g //G, for a finite group G , we can identify i7 2 (T,R) = A 2 (£ g /,R), since the 
finite group G has no nontrival cohomology with real coefficients. Thus, we can realize the cocyle 
£ in terms of a closed 2-form uj on £ ff /, or of its T,^-invariant lift to the universal cover H, with 
[cr] = [e(w)]. Consider then the cohomology H 2 (T n , R). By the results of @7] [55] we know that the 
Lyndon -Hochschild-Serre spectral sequence for the group cohomology of the wreath product F n x\S n 
degenerates at the £? 2 -term, for both integral cohomology and cohomology with coefficients in a field. 
In particular, this means that we can compute the cohomology of T n with real coefficients in terms 
of the cohomology groups E™ = H p (S n , 7F(T n , R)), with Hi(F n , R) = ® il+ ... +in=q H i1 (T, R) x • • • x 
EP n (r,R). For p + q = 2, the only non-trivial term is H°(S n , 77 2 (T n ,R)), since for the symmetric 
group H^(S n ,M) = 0 for j > 1. There is a subspace in H°(S n , H 2 (F n , R)) = H 2 (F n , R) that is 
isomorphic to A 2 (T,R)® n , namely the subspace given by the Kiinneth components involving only 
H 2 and H° and not H l . This subspace can be identified with i7 2 (£ g /, R)® n , as above. Using this 
identification, we see that the closed 2-form w(x) = )T7 ^(xj) on £”, determines a class [to] in this 
subspace of 77 2 (r n ,R), hence it determines a multiplier class [a n \ = [e(ro)] G H 2 (F n ,U( 1)), as the 
image under the map e* in the cohomology exact sequence 

(4.11) ■■■-)■ H 2 (T n ,Z) H 2 (T n , R) H 2 (T n ,U(l)) A H 3 (T n , Z) H 3 (T n , R) • • • 

By construction, a representative a n : T n x T n —> U( 1) of this class will be a multiplier with trivial 
Dixmier-Douady class, 5[cr n } =0. □ 

Remark 4.3. In the case of the multiplier a : T x T U( 1) defined by the magnetic field, we 
can take, in the argument of Lemma 14.21 the T-invariant 2-form oj on El given by the magnetic 
field. The corresponding multiplier <r n : T„ x T„ —> 17(1) will then agree with the one constructed 
in the previous subsection. Thus, the u and the a n determined by the magnetic field have trivial 
Dixmier-Douady invariant. 

With the JL-amenability property discussed in 114.41 below, we have the following. 

Proposition 4.4. Let a n : L n x r n —> U( 1) be a multiplier as above, with 5[a n ] = 0. Then 
K.(C*(T n ,a n )) ~ K.(C*(T n )). 

Proof. The argument is the same as in [49], If 5[a n ] = 0, we have [a n ] = [e(£ n )] for some £ n G 
Z 2 (T n ,R), by (14.111) . We can then use a homotopy [cr n ,t] = [e(t£ n )] with 0 < t < 1. Consider the 
discrete subgroup T n of Q n = PSL(2,R) n x S n , with quotient T n \Q n = V n and let A be an algebra 
with an action of T ra by automorphisms. The crossed product (A®Co(Q n )) x T n is Morita equivalent 
to the algebra of sections Co(T n \Q n , 6) of the flat A-bundle 8 —> V n with 8 = (Ax Q n )/Fn with the 
quotient taken with respect to the diagonal action. Moreover, the algebras (A x T n ) <8> Co(Q n ) and 
(A <g> Co(Q n )) x T n have the same /C n -equivariant A-theory. Combined with the previous Morita 
equivalence and the fact that G n /K. n = HI”, we obtain 

KK n ,»(C 0 (V n ,8)) = Kjc n , m+ &i m (g n /)c n )(A X T n ) = K Kn! .(A x T n ). 

As in j HT . we use the Packer-Raeburn stabilization trick [59]. The algebra A x CTri T n is stably 
isomorphic to (A ® K) x T with IK the algebra of compact operators, and we consider the flat 
A ® K-bundle 

&<yn = R x Gn)/T n —> T n \Gn- 

As in Proposition 2.2 of [35], we then have 

K.(C*(T n ,a n )) K 9 K (F n \g n ,6(B an )). 
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Here the twisted /C n -equivariant A'-theory K^-(T n \Q n ,6(B ari )) is the same as the /C n -equivariant 
A'-theory of the continuous trace (7*-algebra B an = Co(T n \Q n , with Dixmier-Douady class 
5(B an ). By Theorem 2.3 of [49], using the K -amenability property of 114.41 below, we then have 
K.(C*(T n ,a n )) = K.(C*(T n ,a n )). We then obtain isomorphisms K.(C*(T n ,a n j)) = K,(C*(T n )). 

□ 

Combining the isomorphism K 9 (C*(T n ,cr n j)) = K m (C*( T n )) obtained above with the Kasparov 
assembly map, we obtain a twisted Kasparov map (as in [49], [50]) 

(4.12) Pa n = K; o6 (Sym"(H)) -A K,(C*(T n ,a n )). 

4.4. K-amenability. We now turn to the K-amenability property of the group SL(2,R) n x S n . 
We first recall some basic facts about K-amenability. A locally compact second countable group 
Q is amenable if the map A : C*(Q ) —>• C*(Q) determined by restriction of representations is an 
isomorphism. In particular, if Q acts on a C*-algebra A as a C'*-dynamical system, and Q is 
amenable, then the map : C*{G,A ) —> C*(G,A ) is also an isomorphism. The notion of K- 
amenability expresses a weaker K-theoretic form of this property. We consider here two forms of 
the K-amenability property, as in [30]. Recall that a Fredholm (/-module is a pair (' H,F ) of a 
Hilbert space H = Ho © Hi with unitary representations po, p\ of Q on Ho and Hi and with a 
bounded operator F : Ho -» H\ with 

9 ^ Pi{g) o F - F o po{g) 

a compact operator and with F*F — 1 and FF* — 1 also compact operators. The trivial Fredholm 
module has Ho = C and Hi = 0. The notion of a homotopy of Fredholm module is similarly stated 
(see e.g. [30]). 

(1) Q is K-amenable if, for any C*-dynamical system (Q,A), the map A^* : K*(C*(G,A)) —> 
K*(C*(G, A)) is an isomorphism. 

(2) Q is K-amenable if there exists a Fredholm (/-module ( H , F ) such that the representation of 
Q on the Hilbert space H is weakly contained in the left regular representation, with ( H , F ) 
homotopic to the trivial Fredholm (/-module. 

The second version of the K-amenability property implies the first: we are going to refer to this 
second property as K-amenability. It was shown in [43] that any covering group of the identity 
component of SO(n, 1) is K-amenable. In particular, SL(2,M) is K-amenable. It is also shown in 
m that the class of K-amenable groups is closed with respect to the operations of taking subgroups 
and taking direct products. Thus, the groups SL(2,R) n are K-amenable. 

Proposition 4.5. The wreath product groups SL(2,M) n x S n are K-amenable. 

Proof. The K-amenability of SL(2,R) follows from the general result of [43] mentioned above. 
A more explicit proof was given in [30], by constructing a Fredholm module with the desired 
properties. This has Ho = L 2 (K/M) where K is the maximal compact (the circle group), with 
basis 4> n (0) = e me , n £ 2Z. and M = {±1} C K, and Hi = H +2 © H ~2 consisting of Hilbert 
space completions of the two discrete series representations, respectively given by the spans of 
{w n | n £ 2Z, n > 2} and {w n \ n £ 2Z, n < —2}, and with F((j) 0 ) = 0 and F(4> n ) = w n . See §1 
of [30] for more details. The K-amenability of SL(2,M) n follows, as mentioned above, from the 
general result of m which in particular shows the property is preserved by direct products. The 
construction of a Fredholm module for SL(2,M) n can be obtained from the construction of [30] by 
tensor products. Notice that the weak containment of representations has the property that, if 
unitary representations vri and 712 are, respectively, weakly contained in unitary representations p\ 
and P 2 , then tti <g) tt 2 is weakly contained in pi <g> p 2 - Let 7r be a unitary representation of a locally 
compact group Q on a Hilbert space H. It induces a representation of the Banach algebra 
L l {Q) on the same Hilbert space. Moreover, one has a ^-homomorphism TZ : L l (Q) —> Cf(Q). The 
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representation ir is weakly contained in the regular representation if ||7T. 7r (/)|| < ||77(/)|| for all 
/ £ L 1 {Q)i see Definition 9.2.7 of [32]. For Q n = SL(2,R) n x S n . consider the f/ n -Fredholm module 
given by % 0n , with ~H the Fredholm module of [30]. The operator induced by F commutes with 
elements of S n . and one obtains in this way a f/ n -Fredholm module. The representation of G n is 
still weakly contained in the regular representation, because the inequality above is still satisfied 
for / € L\Q n ). □ 

As an alternative, it may also be possible prove the result above by adapting the argument in 
Proposition 2.5 and Corollary 2.6 of [T9] . 

5. Different notions of orbifold Euler characteristic 

There are several different notions of orbifold Euler characteristic used in the literature. We will 
recall here some of the main versions and their relation. One of the main difference is that some 
orbifold Euler characteristics are rational valued, while other, even though they appear to be defined 
as fractions, are in fact integer valued. In particular, we are interested here in distinguishing between 
the Satake notion of (rational valued) orbifold Euler characteristic, which plays an important role 
in the noncommutative geometry approach to the fractional quantum Hall effect developed in [49]. 
m, m , and the notion of orbifold Euler characteristic that arises naturally in string theory, m, 
[69| . It w8jS shown in m, by a simple calculation, that the latter is integer valued. We restrict 
our attention here to the case of good orbifolds, which are global quotients, since the specific cases 
we intend to focus on, the symmetric products Sym n (E) of good 2-dinrensional orbifolds, belong to 
this class: they are global quotients Sym n (£) = Ti r / j ,/G n x S n , as we discussed above. 

Let A be a smooth manifold and G a finite group, acting on X with an orbifold quotient X/G. 
Then the Satake orbifold Euler characteristic, [60], which we simply write as x° rb (X/G) is given by 

(5.1) X° rb (X/G) = X x{X ) €Q. 

In [60] a Gauss-Bonnet theorem is proved for orbifolds, where the usual topological Euler char¬ 
acteristic is replaced by the orbifold version (15.11) . which is no longer, in general, an integer. The 
index theorems for elliptic operators on orbifolds proved in [44], [45] generalize the result of [ 60] . 
They were used in [09], [501 to obtain fractional values of the Hall conductance as values of a higher 
twisted index theorem modeled on [44] and on the higher index theorem of m- 

A different notion of orbifold Euler characteristic arises naturally in the context of string theory 
on orbifolds, [21], [69]. We will refer to it here as “string-theoretic orbifold Euler characteristic”, 
and we will denote it by x° rb (,X, G), again assuming that the orbifold is a global quotient X/G 
of a smooth manifold by a finite group action. This version of the orbifold Euler characteristic is 
defined as 

(5.2) x°' i (X,G) = X 

gh=hg 

where the sum is over all pairs of commuting elements in G and X is the (common) fixed point 
set of g and h. Although from this definition this also appears to be rational valued, it is shown in 
m that the sum in (15.21) can be equivalently written as 

(5-3) X ° rb (X,G) = Y J X(X 9 /C{g)), 

[<?] 

where now the sum is over conjugacy classes [g] and C(g ) is the centralizer of g in G. The denom¬ 
inator # G disappears due to the simple fact that #[g\ ■ 4/C(g) = j/G. In orbifold string theory, 
the sum in (|5.2I) corresponds to the sum over the different sectors. Notice that the Satake orbifold 
Euler characteristic x° rb (X/G) appears in the sum (|5.2I) as the term corresponding to the trivial 
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sector with g = h = 1. It was shown in m that x° rb {X,G) = ranki'fg(A) — ranking(X), the 
difference of ranks of the equivariant K -theory. 

Example 5.1. In the case of the 2-dimensional good orbifold E = E ff / /G the Satake orbifold Euler 
characteristic is given by x° rb (E) = (//G)~ 1 x{'Bg') = x(E) — 1), while the string-theoretic 

orbifold Euler characteristic is x° rb (E s ', G) = x(E fl ') + ~ !)■ 


5.1. Orbifolds of A-sectors and inertia orbifolds. The Satake orbifold Euler characteristic 
and the string-theoretic orbifold Euler characteristic admit a family of common generalizations, 
see [66], [67] and in [27], [28], [29]. As above, let Y = X/G be a good orbifold. We denote by 
Q = G(Y) the associated orbifold groupoid. In this setting one considers the additional data of a 
finitely generated discrete group A and defines the orbifold Y A of A-sectors of Y through its orbifold 
groupoid, which is given by G(Y A ) = G(Y ) ix Hom(A, Q{Y)). One then defines the orbifold Euler 
characteristic xX b (^i G) as 

(5-4) xT(X,G) = X° rb (Y A ), 

namely the Satake orbifold Euler characteristic of the orbifold Y a ■ When A = Z m one recovers the 
orbifold Euler characteristics Xm & (-A, G) of [13]. In particular, Xjp. b (X,G) = x orb (X, G), with Y z 2 
the inertia orbifold. 


5.2. Orbifold Chern-Schwartz-MacPherson classes. A generalization of the generating func¬ 
tion of (string theoretic) orbifold Euler characteristics (|5.10D was given in [66], by considering the 
orbifold Euler characteristics x° A b {X n ,G n x S n ), with G a finite group. The case of the string- 
theoretic orbifold Euler characteristics of (15.21) and (I5.10P is recovered for A = Z 2 . A further 
generalization of both (15.101) and the result of [66] was obtained in [56] as a generating func¬ 
tion of orbifold characteristic classes, where the latter are defined as (equivariant) Chern-Schwatz- 
MacPherson classes, whose zero-dimensional component recovers the Euler characteristic. The 
notion of orbifold Chern-Schwatz-MacPherson classes considered in [56] is closely related to the 
stringy Chern classes of [2] and [20 ]. The orbifold CSM class is defined in m as the image under 
the equivariant MacPherson natural transformation C^ n (see m) of the canonical constructive 
function 


L rn r' 


#G, 


E 


peHom(Z 2 ,G„) 


L (S") P(: 


where (E”,) p ^ 2 ^ is the fixed point set of the action of p{ Z 2 ) C G n on E” ; . Then the generating 
function of the orbifold CSM classes is then obtained by applying C^’ s y m = 

C2 n to the series 

J2 n 1 c n Q n - This gives (Proposition 4.2 of [56] ) 


J2C?HY n g ,)q n = I](l 

n 1= 1 


as in Theorem 1.2 of [56] with A = Z 2 , and with the morphism on homology induced by the 
diagonal embedding A : Y g > E^,. The string-theoretic orbifold Euler characteristics (15.101) are 
obtained by taking the 0-conrponent of the CSM class, see (2.2) of [56j . Moreover, one can view 
the orbifold CSM class as in (2.2) and (2.4) of [56] . as a sum 

CZ b {X/G) = C*( 7T*lf, G ) = K*L*C°{ 1% G ) = Y,S g C*{X°/C{g)), 

9 


where n maps G-invariant constructible functions on X to constructible functions on X/G and 
t* is the homomorphism from H//(X) to H*(X) (inclusion of X as fiber of X xg EG —> BG ); 
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the last sum is over conjugacy classes of elements g £ G, and C(g ) is the centralizer of g. In the 
latter form, these classes can be viewed (after reinterpreting them cohomologically) as residing in 
the delocalized equivariant cohomology H*(X,G) = ®H* (X 9 ) c ^ 9 \ see [?j. Delocalized equivariant 
cohomology for symmetric products was considered in m- In the more general case of orbifolds 
X n /G n with a wreath product G n = G n xi S n , the delocalized equivariant cohomology is obtained 
as image under the Connes-Chern character of the AT-theoretic construction of m recalled in i)5.3l 
below. Delocalized equivariant cohomology is also the natural cohomology for string theory on 
orbifolds, in the sense of [2T] . [69] . 

Although the Chern-Schwartz-MacPherson classes are defined as homological Chern classes of 
singular varieties, they still admit a Chern-Weil type formulation in terms of curvature forms (cur¬ 
rents), as shown in [31]. The construction of Chern-Weil representatives is based on an embedding 
of the singular variety X in a smooth ambient variety M, and in universal differential forms (cur¬ 
rents) 7 ^ obtained from the pullbacks to P(T*M) of the Chern classes Cfc(M) and the powers £ r 
of a 2-form £ on P (T*M) determined by the property that, on the total space S (T*M) of the Hopf 
bundle ir H : §(T*M) -7 P(T*M) with fiber S 1 , one has n* H C, = d/3, with /3 the generator of the 
cohomology of the fiber S' 1 . More precisely, one has (§2 of m) 

E O A7T*C'*(T*M) = ^(- 1 )“-%,, 

r> 0 k 

which, using the Chern-Weil curvature forms for C*(T*M ) leads to Chern-Weil representatives for 
the The Chern-Schwartz-MacPherson class of X C M is then obtained as the current C*(X) 
whose pairing with a form u is given by 

(C k (X),La) = (F(N*(X)), lk Au) = f 'fk A lo, 

JP(N*(X)) 

where N*(X) is the Legendrian conormal cycle defined in §1 of [3T] and ¥(N*(X)) = TtuA{N*(X) \_/3), 
that is, N*(X) is the extension of P (N*(X)) to the total space of the Hopf bundle hi, N*{X) = 
P (N*(X)) x-fi [S' 1 ]. In case of a smooth variety X one has N*(X ) = (—l) dimM_dimX [P(i/*(X))] 
where n*(X) is the conormal bundle. 


5.3. The Fock space of orbifold symmetric products. Following results of Segal for the 
equivariant A'-theory of symmetric products [B3], Weiqiang Wang established in m analogous 
results for the more general case of wreath products G ~ S n = G n x S n , for a finite group G acting 
on a locally compact Hausdorff paracompact G-space X. 

We use the notation G n = G n x S n as in m- Let Kq^^X 71 ) be the equivariant iL-theory and 
let Kq n c{X n ) = KQ n (X n ) C. The Fock space Xq(X ) is given by 

(5-5) X G (X) := ©„> 0 q n K^ Sn>c (X n ), 

with q a formal variable (which keeps count of the graded structure) and with the term n = 0 equal 
to C. It is proved in m that the Fock space Xc(X) has the following properties: 

• Xq {X) is a graded connected Hopf algebra with multiplication defined by 


(5.6) 


(5.7) 


Kg, 


>c (X n ) ® K- GrU ' C (X m ) 


K 


Kq 

Urn 


xG m ,C 


(. X n+m ) 


Ind 


K h 

Xr n 


:(X* 


where the first map K is the Kiinneth isomorphism and the second map Ind is the induction 
maps for subgroups; the comultiplication is given by 


Kq 

Urr? 


'XX 71 


R 


&=o Kh„ 


xGn—m, C 


(X r 


K~ 


3m=0 “hr, 


:(X m )®K- Gn 


( \rn—m\ 
.,Cl A A 


where the first map R is restriction from G n to subgroups G m x G n - m and the second map 
A"” 1 is the inverse of the Kiinneth isomorphism. 
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• As a graded algebra (graded over Z + x Z/2Z), J- G (X) is isomorphic to the algebra 
(5.8) «S(®«>i? n K° g c {X)) ® A (®n>iq n K^ C (X)), 

where S denotes the symmetric algebra and A the exterior algebra. The graded dimension 


satisfies 


(5.9) 


dirrig T G (X) = ^ q n dim K Gn ,c(X r 


n>0 


n«>i(l + q e ) dilaKh ’ dX) 
n f>1 (l -qtf mK e^ Xy 


(5.10) 


The orbifold Euler characteristics (in the string theory sense) of the symmetric products 
have a generating function 

oo 

_ J\-X orb (X,C) 


Y J X 0 rb (X n ,G n )q n = l[(l-q e ) 


n> 1 


1=1 


J- G (X) is a free A-ring generated by K GC (X). 


Remark 5.2. This construction, applied to X = T, g i and G = T(g,v)/T g i provides a Fock space 
XciYigi) for our setting, with all the properties listed above, and 


(5.11) 


_ J\-X orb (Z q ',G) 


J2x orb (^,G n ^S n )q n = H(l-q e ) 

n >1 i =1 


6. Higher twisted index theory 


Let £ be an orbifold vector bundle on the good 2-dimensional orbifold E. It defines a class 
[£\ in K* rb (T,). On the n-fold product E n we consider the orbifold bundle £^ n . This determines 
an orbifold vector bundle £ n on the symmetric product Sym n (E). Let £ be the pull back of £ 
to H and £® n the corresponding bundle on H n . Similarly, we consider the pullback £' to 
and the bundle £ mn on E”,. The class [£ n ] 6 iL* rb (Sym n (E)) corresponds to the classes [£ Mn ] 
and [£' mn ], respectively, under the identifications K* rb { Sym n (E)) = /L* jj (H n ) = K Gn ( E”,). Let 
($£ be the twisted Dirac operator on H and let V = d — irj be the hermitian connection on 1HI 
with curvature V 2 = iui, where u is the T invariant 2-form defined by the magnetic field. The 
operator (jf\ < 8 > V commutes with the projective action (r,<r). Similarly, we write for the 

twisted Dirac operator on EI ra and we consider <S> V n where V n = d — i( where C = j Vj the 
1-form of Lemma 14.11 By the argument of Lemma 14.11 we see that < 8 > V n commutes with the 
projective action (T n ,cr n ). The analytic index is the image under the twisted Kasparov assembly 
map /v„ : K‘ rb ( Sym n (E)) -A- K,(C*(T n ,a n )) of (|4.12p, 

(6-1) In d(r„, CT „ ) (^|ia rl ® V„) = /i<r B ([£,]), 

with the property that (§2.3 of [39] ) 

(6-2) Ind i2 (^| Hn © V n ) = tr(Ind ( r n)0 . n) (^ ® V n ). 

A cyclic 2-cocycle on an algebra 1Z is a multilinear map t :TZ x 1Z x TZ —»• C satisfying 

t(a, b, c ) = t(c, a, b ) = t(b, c, a) 

t(ab, c, d) — t(a, be, d ) + t(a, b, cd ) — t(da , b, c) = 0. 

A dense involutive subalgebra 72 .(T,<t) C C*(T,cr), which contains the twisted group ring C[T, a] 
and is closed under holomorphic functional calculus is constructed in §4 of [51], as the intersection 
of the domains of the powers 6 k of the derivation 6 = [D , •] associated to the operator D <5 7 = £( 7 )<f 7 
that multiplies group elements by the word length ^(7). The Haagerup inequality for surface groups 
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shows that group cocycles on T with polynomial growth define cyclic cocycles on C[r, cr] that extend 
continuously to 7£(T, cr), see [5T|. In particular, given a bounded 2-cocycle c G Z 2 ( r), one has an 
associated cyclic 2-cocycle tr c on 1Z(T, a). This gives an additive map on Kq, which we still denote 
by tr c . Arguing as we did in fJH for the cocycle defined by the magnetic field, we can identify 
H 2 (T)® n with a subspace of H 2 {T n ), as in Proposition 14.21 Let c n denote the cocycle in H 2 (T)® n 
defined by n copies of the 2-cocycle c G H 2 (T), and let tr Cn be the corresponding cyclic 2-cocycle 
on 1Z(T n ,a n ). As in m and in §3.2 of [50] , one has an associated higher twisted analytic index 


(6.3) Ind (cBi r ni0 . n) (^ 




1 V n ) — tiv 


® ^n) — ([t r c„]> Ho n ([^n])) — ([ c n]j [£«,])• 


We have the following index theorems (Theorem 1.1 of [49] and Theorem 2.2 of [50|), based on 
the Kawasaki index theorem on orbifold, [44], [45], see also [26], and on the higher index theorem 

of P2|- 


Proposition 6.1. Suppose given a cocycle c G H 2 (Y) as above, with c n the corresponding cocyle 
on T n , together with a multiplier u : T x T — > U(l) as in §4 J determined by the closed T -invariant 
2-form u of the magnetic field, and the corresponding 2-form uj n on . Then the higher twisted 
index M is given by 


(6.4) 


tr- Ind 


(Pn, ? (Tn) \ r 


V n ) = 


1 


(27r) n n! (#G) n 


/ 

J S’ 


A(n n Me R£ '")e“% 


where f Cn is a 2-form representative of the class in H 2 (Yi g t)® n corresponding to c n G H 2 (T)® n 
H 2 (T n ), and n\{ffG) n = #G n . 


C 


The case (16.21) . without the cyclic cocycle c, computes the range of the trace on LT-theory, which 
is useful for gap labelling purposes, see [ 49] . m ■ Here we focus on the higher version with the 
cyclic cocycle, as that will provide the quantization of the Hall conductance as in m- 


Lemma 6.2. Let 8 be an orbifold vector bundle over the good 2-dimensional orbifold £ = Y, g t/G = 
H/r and S' the pull back to S 9 '. Given a cocycle c G H 2 (T) with the induced c n on T n = r n x S n , 
and let u be the 2-form determined by the magnetic field. Then the twisted higher index theorem 
m can be written as 


(6.5) 


tr c „Ind ( r ni(Tn )(^| Hn ® 


V„.) = 


(2vr) n n! (#GQ r 



A(0)tr(e' R£ )e w £ c 


Proof. The A-genus is multiplicative over products, and the form A(fl n ) on is the product of 
n copies of A(Sl) on Yi g i. The Chern character ch(T) = tr(n R£ ) is multiplicative for external tensor 

£>/ Kn ^ gf 

products, hence tr(e K ) on ly is also a product of n copies of tr(e w ) each depending only on 
one of the factors Ly. The form co n is by construction (see [|4]) a sum of n copies of the 2-form 
oj, each depending only on the coordinates of one of the Ly factors, hence e Un is also a product. 
Moreover, as we have seen above, the 2-form £ Cn on ly is also a product of copies of a 2-form £ c 
on Ly. Thus, the integrand in (16.41) splits as a product of identical terms depending on only one 
of the factors. □ 


The area 2-cocycle c G H 2 (T) is the restriction to T C PSL(2,R) of the hyperbolic area c : 
PSL(2,M) x PSL(2,R) -» R, where 0 ( 71 , 72 ) is the oriented hyperbolic area of the geodesic triangle 
in HI with vertices ( 20 , 7 [f 1 zq, 7220 ), for a chosen base point zo- 

Corollary 6.3. In the case where c G H 2 (T) is the area 2-cocycle, the range of values of the twisted 
higher index theorem, while varying the choice of the orbifold vector bundle 8 on T, is given by 

( 6 . 6 ) x° r 6 (Sym n (£)) ZcQ, 
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where x° r6 (Sym n (£)) is the Satake orbifold Euler characteristic o/Sym n (£). 

Proof. The integral 

—L- [ A(Q)tr(e R£ ')e^c 

JY, g , 

is the twisted higher index theorem computed in |50| . It is shown in Corollary 3.2 of m that, 
when c £ H 2 (T) is the area 2-cocycle, this integral is given by 

x(*V) 


rank(£) = x° rb (E) • rank(£). 


#G 


Thus, for the area cocycle, the twisted higher index theorem (16.51) is given by 

X&g’Y _ orb, 


n\(#Gy 


rank(£) n = x or& (SynF(£)) • rank (£) n . 


□ 


The Hall conductance on £ is also described by a cyclic 2-cocycle on the twisted group algebra 
C[r,cr], given by 

(6-7) tr*(/o,/i,/ 2 ) = X>(/ 0 (W!)<W/2) - W/OW 2 ))), 

3 = 1 

where g is the genus and the Sj, for j = 1,..., 2 g are derivations associated to the elements of a 
symplectic basis of H 1 (£,M). If Pe denotes the spectral projection associated to the Fermi level, 
then the Hall conductance is given by 

= tr k(Pe, Pe, Pe)- 

A derivation of this expression for the Hall conductance can be obtained as a quantum adiabatic 
limit, see m- As shown in Theorem 4.1 of m, the conductance cocycle and the area cocycle are 
cohomologous. Since the twisted higher index theorem, seen as a pairing of cyclic cohomology and 
K-theory, only depends on the class of the cyclic cocycle, the range of the twisted higher index 
theorem also determines the possible range of values of the Hall conductance. We summarize the 
conclusion of this section as follows: the single particle theory on £ with the external magnetic field 
uj extends in a compatible way to a many particles model on the symmetric products Sym n (£). In 
this model, the range of quantized values of the Hall conductance consists of integer multiples of 
the Satake orbifold Euler characteristics x° r6 (Sym n (£)). 


7. Orbifold braid groups and anyons 

In this section we analyze what types of anyons and composite fermions one obtains within this 
model of fractional quantum Hall effect. These are related to a notion of “orbifold braid groups” 
that we introduce below. 

The configuration space of n (ordered) points on H is given by the complement of the diagonals 
-F(EI, n) = HP \ A. The configuration spaces of unordered points is defined as the quotient by the 
action of the symmetric group 

(7.1) Conf(H,n) := (IF \ A )/S n = F{M,n)/S n . 

These have fundamental group 7ri(Conf(H, n)) = B n , the Artin braid group, with generators cq, i = 
1 ,..., n — 1 and relations cq<7j = ajcji for \i — j\ > 2 and cqcq+icq = cq+icqcq+i, for i = 1 ,..., n — 2. 
In fact, the spaces Conf(H, n) are topologically Eilenberg-MacLane spaces K(B n , 1), see [23] . 
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Given a 2-dimensional compact (topological) surface £, and a finite set of points Q = {xj}j= 
on £, one similarly defines the configuration spaces 

F(S\Q,n) = (£ \ Q) n \ A 

(7.2) Conf(£ y Q,n) = F(£ y Q,n)/S n . 

For r < n, the projections H njT .(zi,... ,z n ) = (zi,... ,z r ) define locally trivial fibrations F(£ y 
Q, n) —> F(£ y Q, r) with the fiber over re = (w ±,... , wv) given by the configuration space F(£ y 
(Q U i ]r ), n — r). The braid group of £ y Q on n strings is given by the fundamental group 

(7.3) B n (T, y Q) := 7 r 1 (Conf(S y Q, n)). 

In particular, if £ is a 2-dinrensional orbifold and Q C £ is the set of cone points, we have 
corresponding braid groups 

(7.4) 5 n (£ reg ) = 7 Tl(C onf(£ reg , n)) = ^i((£? eg y A )/S n ). 

7.1. Orbifold braid group. For a good 2-dimensional orbifold £, we can also associate to the 
configuration space Conf(£ reg ,n) an orbifold braid group, defined as 

(7.5) ZC 6 (S) := 7 r° r 6 (Conf(£, n)), 
using the orbifold fundamental group of Conf(£,n). 

Proposition 7.1. The orbifold braid group of £ is a quotient of the ordinary braid group of £ reg 
by a normal subgroup generated by powers , with uj the order of the stabilizer of the j-th cone 
point Xj ofT,, and with 7 j a loop in Conf(£ reg ,n) that winds around the j-th component of the 
(real) codimension two stratum of Conf(£, n) s i ng . 

Proof. We have Conf(£ reg ,n) = (£” eg y A )/S n C Sym n (£) reg , as in Lemma [2721 where 
(£ n Y A) reg = (£ n Y A) n £" eg = {(zi, • • •, z n ) € £( l eg | Zi + Zj Vi,} 

— {(^ 1 , . . . , Z^i ) G £ I Zi £ £re g and Xi ^4 Xj Vi,j} — ^re g y A. 

Moreover, ((£” eg y A )/S n ) Teg = (£” eg y A )/S n , hence we can write the orbifold fundamental group 
as 

7 r° r 6 (Conf(£, n)) = vri (Conf (£ reg , n))/H, 

where H is the normal subgroup generated by elements r y'f a , where the y a are loops in Conf(£ reg , n) 
around a component X a of the singular locus Conf(£, n) s i ng with v a the order of the stabilizer of 
X a . The singular locus Conf(£, n) s i ng = (£ n y A) s i ng /5 n only comes from the cone points of £, 
namely 

(£" Y A) sing = (£ n ) s i ng Y A, 

where (£ n ) S m g = U^ = 1 £ sing ,fc, with 

^sing^ — £ X • • • X £ X £ s j ng x £ • • • X £, 

with a copy of £ s i ng in the fc-th factor and £ in all the other factors. We denote by £ s in g ,fc(^i) C 
S s ing,fc the component of the (real) codimension two stratum of (£ n, ) s i ng that has a cone point 
{xj} C £ s in g in the k -th factor. Thus, the components of the (real) codimension two stratum of 
(£”)si ng y A are of the form £ S mg,fc(^i) y A. Let 7 be a loop in £ n y A that winds around the 
component £ s in g,k(,Xj). The power 7 .^, where Vj is the order of the stabilizer of the cone point Xj 
in £ is a generator of the subgroup H of 717 (£ n y A) such that 

7Tf 6 (£ n y A) = 7Ti(£ n y A )/H. 

Passing to the quotient i ? (£,n) = £ n y A —> Conf(£,n) = (£ n y A) /S n , the (real) codimension 
two stratum of the singular locus is the image of the S n invariant configuration of components in 
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_F(E,n) given by £g ing (xj) := U^ = 1 S sing] / c (a:j), for a given cone point Xj. We denote by 7 j a loop 
in Conf(E,n) winding around E™ ing (xj). The powers 7 ^ generate the subgroup H with 

7 r° r 6 (Conf(E, n)) = 7 Ti(Conf(S reg , n))/H. 

□ 

The braid groups of an 2-dinrensional orientable (topological) surface of genus g with m punc¬ 
tures were computed explicitly in m, m (see also m , in for a slightly different form of the 
presentation). With the presentation given in [ 8 ], if E has genus g with a set Q = {xj}j= of 
m punctures, the braid group B n (Ti \ Q) has additional generators with respect to the Artin braid 
group B n . Namely, the gerators are given by 


(7.6) 



i = 

1,- 

.. n — 1 


£ = 

1,- 

• -,g 

bt, 

£ = 

1,. 

■ -,g 

c j, 

j = 

1,- 

.., m — 


with relations 
(7.7) 


(7.8) 


UjCTj = (JjUi, when | i — j\ >2 

— (Xi+l&i&i+li i — \, ... ,71 2, 

and in the Artin braid group, and additional relations, for all £, 

(l{ CTj — i f 1. 

bnOi = aibi, % / 1, 


y GgGy 

cr^bia^bi = bto^btof 1 
a^aia^bi = bia^aicri 

G y Q J d,G'\CLy‘ — Gy Gy GffG\ 

of 1 biaib r = b r of 1 btOi 

Gy G£G\by by Gy G^G\ 

G b(fG\G r — CLyG y bffG\ 


(7.9) 


and for all i, r and all j 


(7.10) 


(7 


Gy Cj GGy - Gy Gy Cj G 

G y Cj G | by - by G y Cj G ^ 

& l CjG l Cfc — Cfc Gy CjG\ 

rVr'c, = ^rVr 1 - 


£ < r, 
£ < r, 
£ < r, 
£ < r, 

i / 1, 
n > 1, 
n > 1, 

j < k, 


In the case without punctures, the braid group £? n (E) has generators a 7 ai, bi as above with the 
same relations (17.711 . (17.811 . (17.911 . but with (17.101) replaced by 

9 


(7.11) 


~[[ae,b £ x ] 


— (7i<T 2 ' ' ' CT n _i • • • ( 72 ( 71 . 


1=1 


Proposition 7.2. Let E be a 2-dimensional good orbifold of genus g, with m cone points. The 
orbifold braid groups B° rb ( E) has generators ai, i = l,...,n — 1. at, bt, £ = 1 ,...,g and Cj, 
j = 1 ,... ,m with relations as above, and with the additional relation 

9 


n^. 

i=i 


-ii - 1-1 
a, do 


a. 


-2 

n —1 


- 1-1 


■ do a 


Cl ■ • • c m — 1 


(7.12) 
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and cy 7 = 1, where Vj is the order of the stabilizer of the cone point. 

Proof. As shown in [5], the generators ae and be correspond geometrically, in terms of a fundamental 
domain for £ given by a 4g-gons with pairwise identified sides marked by the generators ae and pe 
of vri(£). The braid ae is a string that crosses the ae sides and be the Pe side (with the opposite 
orientation), while the Cj wind around the j-th puncture. The generators <7* have the usual meaning 
as in the Arting braid group. The relations are explained geometrically in §2.2 of [8], where it is 
also shown that one can equivalently introduce an additional generator c m , as the braid that winds 
around the last puncture, and the additional relation (17.121) . This corresponds to writing the 
fundamental group of the punctured surface £ \ Q = £ reg as 

7ti(£ \ Q) = {{ae, b e }i= {cj}j= | ■ c m = 1), 

t 

instead of writing it solely in terms of the generators ae,be, Cj with j = 1,..., m — 1. In particular, 
the generators Cj provide loops in the configuration space Conf(£ reg ,n) that wind around the 
component £g ing (xj). Thus, by Proposition 17.11 we obtain R° rb (£) from R n (£ reg ) by imposing the 
further relations cy' = 1. □ 

7.2. Anyons. Fractional-statistics particles, or anyons, have the property that, when two particles 
get interchanged, the wavefunction changes by a phase factor exp(i7ra), for some a £ (—1,1]- The 
cases a = 0 and a = 1 correspond, respectively, to bosons and fermions. It is known [22], [383 
(see also [48]) that, for 2-dimensional systems, the surface topology plays an important role in 
determining what type of anyons can arise. More precisely, these are classified by 1-dimensional 
unitary representations of the braid group of the surface. The case of the orbifold braid group is 
similar. 

Lemma 7.3. Let £ be a 2-dimensional good orbifold of genus g > 0, with m cone points. One¬ 
dimensional unitary representations R of the orbifold braid group B n (E) have the generators cq 
acting as R{ap = ±1, the generators ae and be, respectively, acting as phase factors R{ae ) = e 2mde 
and R(be) = e 2m ^ 1 and the generators Cj acting as R{cj ) = e 2m dj/ v i, where Uj is the order of the 
stabilizer of the j-th cone point and the Pj satisfy JPjLi Pj/ u j £ 27 

Proof. The fact that the cq must act like ±1 follows from the relation crf 1 aeaf 1 be = beaf 1 aecri in 
()7.9I) . which implies that o\ acts as ±1 and the relations ([7.7|) . which imply that all the a.; must then 
also act in the same way. The action of the ae and be is unconstrained by the relations, hence we 
get independent phase factors for each of them, while the cj are constrained by the relations c7 = 1 
and (I7.12p . which implies R(c\ ■ ■ ■ c m ) = 1. These give R(cj ) = e 27r *A/M with J2JLi Pj/ U j £ 27 □ 

Remark 7.4. Since the braids <7* correspond to exchanging two particles, all the representations 
in Lemma 17.31 are either fermions or bosons, whenever g > 0. The Pj can be viewed as the Seifert 
invariants of an orbifold line bundle over £ that has integer orbifold Euler number (hence is an 
actual line bundle). See 47..'II for more details. 

In the case of good 2-dimensional orbifolds of genus g = 0 with m cone points, we have the 
following result. 

Lemma 7.5. Let £ be a 2-dimensional good orbifold of genus g = 0, with m cone points. Then 
the one-dimensional unitary representations R of the orbifold braid group B n (Y,) have R(ai) = e ma 
and R(cj) = p 2m hi! v i, where is the order of the stabilizer of the j-th cone point and the Pj satisfy 
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Proof. The argument is exactly as in the previous lemma, except that we do not have the generators 
ai, be and the only relations are the (17.71) and 

CjCi — (7 / Cj, I f 1 1 

7 1 CjO'iCk — c^cr^ c^ci j ^ k, 

af 1 CjCrf 1 Cj = Cjaf 1 Cjaf 1 
(Ti(T 2 ■ ■ ■ CT^_ 1 ■ • • (T2<7l = ci • • • c m 

2iri!fL 

and = 1. This last relation gives, as before, R(cj ) = e . The relations (17.71) imply that all 
the a % must act by the same phase factor R{af) = e ma and the last displayed relation then implies 
that e 2ma = e 2,r *Ej= i #7'/ I/ i, hence we obtain (17.131) . □ 

Remark 7.6. Thus, in the case of good orbifolds of genus zero, there are non-trivial anyons (that 
are neither fermions nor bosons) and the fractional statistics they satisfy depends on the datum of 
an orbifold line bundle on X, through the Seifert invariants fij, see H7.3I below. 


Moreoever, it is known that two-dimensional systems on surfaces of genus g > 0 do admit 
fractional statistics arising from higher dimensional irreducible unitary representations of the braid 
group R n (X), [22], [38], provided a satisfies exp(2-7ri(n + g — l)a) = 1. We describe the analog for 
the orbifold braid group. 

Consider the N x N matrices 


(7.14) 


/ 1 


U N = 


e 


N 




\ 


with = exp(7ri/lV), 


V 


/ 


/ 0 1 0 
0 0 1 


(7.15) 



They satisfy the commutation relation 


0 0 
0 0 


0 0 \ 
0 0 


0 1 

0 0 / 


(7.16) 


V N U N 


(n 


U N V N . 


Proposition 7.7. Let X be a good 2-dimensional orbifold of genus g with m cone points. The 
orbifold braid group B° rb (T,) has unitary representations of dimension N 9 with R(ai) = ffj 1 and 
R{af) = 17jv,r and R{bf) = V^/, where t/jv,r and V/v^ act as Ujy and Vjy, respectively, in the i-th 
factor of the tensor product of g-copies of C N and the identity on the other factors. The generators 
Cj act as R(cj) = e 2m hj/ u j ; where vj is the order of the stabilizer of the j-th cone point and the f3j 
satisfy the relation 


(7.17) 


(g + n - 1 ) Pj_ 

N ^ Vi 


£ Z. 


Proof. The relation <r 1 1 a^a l 1 bi = b^a 1 1 aia\ is now satisfied, since the left-hand-side ^nUn,(Yn/ 
and the right-hand-side VnUn agree by (|7.16D . The rest of the relations (17.91) are also satisfied, 
since for l ^ r Un,i and Vm )T commute. The relation = 1 is satisfied by R(cj) = and 
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the rest of the relations (17.101) are also satihed. The remaining relation (|7.12l) for the orbifold braid 
groups implies 

9 

R([a e , bj 1 }) R{(Ji )~ 2 R{ci ■ ■ ■ c m ) = 1 

1=1 i 

Note that from (|7.16l) we have Thus, we obtain 

9 ,2(n-l) 1 %, 

SAr ' ?JV ' e — 

which gives exp(27rz((g r + n — 1)/IV + JV f3j/vj)) = 1, namely (|7.17l) . □ 

7.3. Orbifold line bundles and orbifold Euler numbers. We clarify here the relation (men¬ 
tioned in Remarks PI and 17.61) between the anyon representations described above and the Seifert 
invariants of orbifold line bundles. For a complex vector bundle £ of rank n over a manifold X 
of real dimension 2n, the Euler number y(£) is the integral on X of the Euler class e(£). In the 
case of a line bundle on a 2-dimensional surface, the Euler number is the integral of the first Chern 
class. For an orbifold line bundle C on a (good) 2-dimensional orbifold E, the Euler number x(£) 
is replaced by an orbifold Euler number (see [62], p.437) 

m B- 

( 7 . 18 ) x orb {c) = x{£) _J2^, 

j =i I/j " 

where the Euler number y(£) is corrected by a contribution for each cone point x,j , j = 1,..., m of 
the orbifold. These corrections are of the form (3j/iSj, where Vj is the order of the stabilizer Z/z/jZ 
of the cone point Xj and the /3j are the Seifert invariants of the orbifold line bundles. These are 
obtained by considering the associated principal t/(l)-bundle P and the exact sequence 

i ->■ z -a 7ri(p) -a r -a i, 

where if c 9 - is one of the generators of T with cf = 1 and a is the generator of the fundamental 
group Z of the fiber, then the , with 0 < (3j < v,j — 1, are defined by the relation 

a^ j = Cj, 

where Cj is a preimage of Cj in 7Ti(P). By the Hopf theorem, the Euler number of a line bundle on a 
2-dimensional surface is a sum over zeros of a section of the line bundle, counted with multiplicity. 
One can then think of the orbifold Euler number (17.181) as a modification of this counting, where 
additional zeros are counted at the cone points, with multiplicities j3j , but so that each zero only 
contributes a fraction 1 /vj of a zero at a regular point. This is consistent with the Satake orbifold 
Euler characteristic x° r6 (E), where vertices of a triangulation that are located at cone points are 
counted with a factor of 1 /z/j. In fact x° rb { S) is the orbifold Euler number of the orbifold tangent 
bundle. 


8. LAUGHLIN-TYPE WAVE FUNCTIONS 


This section is more speculative in nature. It contains some observations on how one may 
naturally encounter some Laughlin-type functions in the geometric setting described in the previous 
sections. The Laughlin wave function can be regarded as a generalization of the Slater function 


(8.1) 'l , Slater(^1 j ■ ■ ■ 

with the Vandermonde determinant 

V(z u 


,z n ) = V(zz n ) -e 


E n \zi\ 

i=l 


i Zn) — 


n ^ 
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and with the magnetic length t = y The Slater function describes non-interacting fermions in 
a magnetic field, for the full filling of the lowest Landau level. The Laughlin wave function takes 
the form 

_ \zj ( 

(8-2) ^Laughlin(^-1 j • ■ • i z n) = V(z±, • • ■ , Zn) P ' C 1-1 , 

so that it acquires a p-fold zero along the diagonals Zi = Zj. The exponent p is taken to be an odd 
integer, so that antisymmetry is preserved. In the case where p is an even integer, one considers 
functions of the form 

1 y^ 71 I z i\“ 

(8.3) Tp faffian (zi,...,z n ) = Pfaff(-) • V(zi,... ,z n ) p ■ e Ei=1 . 

Zi - Zj 

Explicit algorithmic methods for expressing even powers of the Vandermonde determinant as com¬ 
binations of Schur functions, and Laughlin wave functions as combinations of Slater functions, are 
discussed in 0 , m- 

By analogy with the expression ]~~[ X z i ~ z ) p f° r a vortex of vorticity p centered at z, the Van¬ 
dermonde determinant V(z \,..., z n ) in the Slater wave function can be thought of as describing 
cyclotron motion of n non-interacting fermions on the plane with magnetic field corresponding to 
a completely filled lower Laudau level v = 1, and the corresponding powers V(zi,... ,z n ) p in the 
Laughlin wave function can then be thought of similarly as vortices with vorticity p, see [39]. [3D]. 

We seek here some geometric interpretation of Laughlin type wave functions related to the 
anyon representations described in the previous section and the geometry of the orbifold symmetric 
products. 


8.1. Anyon representation and orbifold vector bundle. We associate orbifold vector bundles 
to the anyon representations described in the previous section. 

Lemma 8.1. An N-dimensional anyon representations as in Proposition 1 7. 7| determines an orbifold 
line bundle £ on Y, with pullback £! to Y g /, and an orbifold local system V/v of (complex) rank N. 
These data in turn determine a rank nN orbifold vector bundle over Conf(E,n) C Sym n (E) of the 
form V n ,N = bV n <S> Vn, where W n is the restriction to Conf(E,n) of the orbifold vector bundle on 
Sym n (E) determined by the external Whitney sum on Y™,. 

Proof. By construction, the anyon representation is representation of 7r° r6 (Conf(E, n)) hence it 
determines an orbifold local system on Conf(E,n), in the same way as representations of the 
ordinary fundamental group define local systems. The Seifert data / 3j of the anyon representation 
determine an orbifold line bundle £ over Y. The product W n <S> Vv is then an orbifold vector bundle 
over Conf(E,n) of complex rank nN. □ 

The orbifold Chern number of W n is obtained as follows. 


Lemma 8.2. Let £ be an orbifold line bundle on the good 2-dimensional orbifold Y = Y g i/G. Let 
£' be the pullback G-equivariant line bundle on Y g /. Consider the n-fold external Whitney sum 
Qver , and let W n be the corresponding orbifold vector bundle over Sym”(E). Then the 
orbifold Euler number is given by 


(8.4) 


X° r6 (W n ) 


X(CT 

n!(#G) n 


^7 x orb (£) r 

n\ 


Proof. By Theorem 3.6 of [62] the orbifold Euler number x° rb (£) of an orbifold line bundle on Y is 
related to the Euler number of a line bundle £f on Y g r that orbifold covers £ by 




/ W\ 


orb ( r>\ 


#G 


orb 
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where m is the number of times the circle in the fiber of the principal [/(l)-bundle P{C') wraps 
around the circle in the fiber of P(C). When m = 1, one obtains x° rb (V) = (#G)~ 1 x(£ / ). The 
external Whitney sum is the Whitney sum , where 7Tj : Xy — > Xy is the projection to the 

i-th factor. The Euler class of a Whitney sum is the cup product of the Euler classes, hence we 
have e(£ /ffln ) = f\ n e(£) and the Euler number is x(£ /fflri ) = f En e(£' Sn ) = x(£') n . Finally, the 

g' 

relation between the orbifold Euler number of W n on the symmetric products Sym n (E) and the 


Euler number of £ 


/EBn 


on Xy is 


X° rb (Wn ) = 


■x(C' mn ) = 




x(£ 


l\n 


1 


= x orb {£) 


n\(#G) n n\ 


□ 


Local systems have torsion Chern classes, hence they do not change the differential form realizing 
the Euler class of £'^ n and its integration on Xy. 


8.2. Mathai Quillen formalism. For a vector bundle £ of (real) rank 2 n over a smooth manifold 
X of (real) dimension 2 n, the Euler class, whose integral x(£) = j x e{£) computes the Euler 
number, is the pullback along the zero section of the bundle of a representative of the Thom class. 
Pullbacks e s (£) along other sections give the same cohomology class. By Chern-Weil theory, the 
Euler form can be written as the Pfaffian of the curvature f l £ of a hermitian connection on the 
bundle £. 

e{£) = 

The Pfaffian of an antisymmetric matrix can be written in terms of the Berezin integral in fermionic 
coordinates 

Pfafhan(A) = J V>i exp (^CAij£ j ), 
hence one can write the Euler form as 

ei£) = Wrj Vi 

An explicit representative for the Thom class, which is exponentially decaying along the fibers (with 
normalizaed integral) and pulls back to the Euler form along the zero section is given in |52| as 

*mq(£) = J Vi +iVr,%), 

where r/ are the fiber coordinates. It is shown in [52] that this is indeed a closed form representing 
the Thom class. The pullback along a nontrivial section gives 

( 8 - 6 ) e a {£) = J Vi eM^i%i J + Ws%). 

If the section s is scaled by a factor A, in the limit of large A —>• oo the form e s {£) localizes on 
the zero set Z s = {x G X \ s(x) = 0} of the section, hence recovering the Hopf theorem. The 
Mathai-Quillen formalism has found useful applications in physics, based on the observation [3] 
that the partition function of certain N = 1 supersymmetric gauge theories can be written as 
formal functional integral analog of f x e s {£). 
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8.3. Vandermonde determinants and symmetric products. For S = (si,...,s n ), let e-j(S) 

be the j-th elementary symmetric function in these variables, with 

n n 

II(i +tsj) = 

j =1 3=0 

Given n symmetric polynomials the Jacobian 

while in the variables ej, the Jacobian 

J e {fi, ■ ■ ■, fn) = det 

is related to J(/i,..., f n ) by 

where 

V (si, ? s n ^) = | (*§2 Sj') — J (ei,..., e n ) 

is the Vandermonde determinant, see [46] . where explicit expressions in terms of Schur functions are 
given for the Jacobians J e of complete functions and power sums. Thus, on the symmetric products 
Sym n (£) we should interpret the Vandermonde determinant V(si,..., s n ) as the Jacobian of the 
change of local coordinates between the coordinates (si,..., s n ) of £ n to the coordinates given by 
the symmetric functions (ei,..., e n ). 


8.4. Laughlin type functions from anyon representations. Consider an TV-dimensional anyon 
representation as in Proposition 17.71 and the associated orbifold vector bundle V n ,N on Conf(£,n), 
constructed as in Lemma 18.11 Let C be the orbifold line bundle on £ determined by the Seifert 
data of the anyon representation and £ the pullback to £ g /. Let s be a section of £ mn determined 
by a n-tuple of sections of £, and let e^(£ /ffln ) be the Mathai-Quillen representative of the Euler 
class. For the orbifold vector bundle W n , integration in the fiber direction now takes place with 
respect to coordinates given by the elementary symmetric functions in the original coordinates. 
This can be expressed in terms of the original coordinates by introducing the change of variables, 
as above, in the form of the Vandermonde determinant V(s). Thus, we obtain an expression that 
has a product of V(s) combined with an exponentially decaying factor in the fiber coordinates, 
as in the Slater wave function. When we further tensor with the local system Vjv, each block of 
n-coordinates in the measure along the fiber directions acquires a factor equal to the Vandermonde 
determinant, while the Euler class is unchanged, hence producing a product of a power V(s) N of 
the Vandermonde determinant with an exponentially decaying factor in the s-coordinates, as in the 
Laughlin wave function. We still need to check that the power N is related to the denominators 
of the fractions in the Hall conductance, as is the case for the Laughlin wave functions. This is 
satisfied in our setting, because of the relation (17.17|) in the anyon representation. In fact, notice 
that, for the data of an orbifold vector bundle on £ the quantization of the Hall conductance 
is given, through the higher twisted index theorem, by integer multiples of Stake orbifold Euler 
characteristics x orfe (£) = x(£ g /)/#Cr, hence the denominator is the order of G , which is also the 
least common multiple of the orders vj of the stablizers of the cone points (Lemma 7.11 of [25]). 
The relation (17.171) then relates N to 
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8.5. Vandermonde determinants, Selberg integrals, and Euler characteristics. The de¬ 
scription of the Vandermonde determinant as Jacobian of the change of coordinates on symmetric 
products also leads to the well known probability distributions in random matrix theory 

(8.7) [ exp(-\\y\\ 2 /2)dy = k [ V(x 1 ,..., x n ) a exp(- V xf/2)dx, 

Jv w (n) J R" • 


where Vfa(n) is the space of n x n-hermitian matrices, with F either the real numbers, the complex 
numbers or the quaternions, respectively with a = dirngF £ {1,2,4}. The numerical factor k can 
be computed explicitly using Selberg integrals, in terms of Gamma functions, see |24j p. 121 . 

Selberg integrals, and expectation values with respect to the random matrix probability distri¬ 
bution 

V(xi,... ,x n ) a exp(-^x-/ 2 )dx, 

i 

play a crucial role in the Harer-Zagier computation of the orbifold Euler characteristic of the moduli 
spaces A4 g , n of algebraic curves of genus g with n marked points, [36]. More recently, a parameter¬ 
ized Euler characteristic of M was introduced in [33]. This depends on a continuous parameter 7 
and interpolates between the case of complex and real curves, respectively corresponding to 7 = 1 
and 7 = 1/2. The parameterized Euler characteristic is expressed in [33] in terms of Jack symmetric 
functions and of expectation values 


( 8 . 8 ) 


/ R n/( A)|E(A)| 2 ^ e-^WdX 
4„ |V(A)|27 e-^WdA 


with p 2 (A) = YH= 1 More precisely, the parameterized Euler characteristic is explicitly computed 

in [33] in terms of Selberg integrals of the form 


/ ir(A)7 j}(i+ (1 - ih)-> d\, 

J R« « b 

which again can be computed explicitly in terms of Gamma functions. 

It would be interesting to see if Laughlin type wave functions would arise in analogous computa¬ 
tions of orbifold Euler characteristic of moduli spaces of good 2-dimensional orbifolds. Notice that 
a Teichmiiller theory for orbifold was developed in [ 68 ], see also [I 6 j . 
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